- NOTES WITH MIND MAPS -

MATHEMATICS

(SQUARES AND SQUARE ROOTS)
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Squares and Square Roots

Square number

Square of a number is obtained when it is multiplied by itself twice. Thus, square of
x=(x xx), denoted byx?.

Some of the square numbers are 1, 4, 9, 16, 25,...

A natural number n is a perfect square if n can be expressed as m?, for some natural
number m. The numbers 1, 4, 9, 16, 25, ... are perfect squares.

Steps to find whether a given natural number is a perfect square or not:

iv.

Step 1: Get the natural number.
Step 2: Find the prime factorization of the given natural number.

Step 3: Group the factors in pairs in such a way that both the factors in each pair
are equal.

Step 4: Check if any factor is left over. If no factor is left over in grouping, then the
given number is a perfect square. Otherwise, it is not a perfect square.

Step 5: To find the square root of a given number, take one factor from each group
and multiply them.

Perfect Square Formula

When a polynomial is multiplied by itself, then it is a perfect square. Example — polynomial
ax? + bx + c is a perfect square if b? = 4ac.

Perfect Square Formula is given as,

(a + b)?2 = a? + 2ab + b2

Properties of square numbers:

iv.

V.

Vi.

Vii.

A number endingin 2, 3, 7 or 8 is never a perfect square.

A number ending with an odd number of zeroes is never a perfect square.
The number of zeroes at the end of a perfect square is always even.
Squares of even numbers are even.

Squares of odd numbers are odd.

If a number has 1 or 9 in the unit's place, then its square ends in1.

If a square number ends in 6, the number whose square it is, will have either 4 or 6
in the unit's place.

Triangular numbers
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e The numbers whose dot patterns can be arranged as triangles are called the
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Triangular numbers.

e Adding any two consecutive triangular numbers give a square number, for example:

*
% % *
W * *
*
1+3=4=22 3+6=9=32 6+10=16=47

Adding Triangular Numbers

Triangular numbers: It is a sequence of the numbers 1, 3, 6, 10, 15 etc. It is obtained by

continued summation of the natural numbers. The dot pattern of a triangular number can
be arranged as triangles.

If we add two consecutive triangular numbers, we get a square number.

Example: 1+3=4=22 and 3+6=9=32,

Numbers between square numbers

There are 2n non perfect square numbers between the squares of the numbers n and (n +
1).

Forn=4,n+1=5
n?=42=16,(n+1)2=52=25
n—(n+1)>=25-16=9
There are 8 (2n) non perfect square numbers between 42 and 52.
Adding consecutive odd numbers
The square of a natural number ‘n’ is equal to the sum of the first ‘n” odd natural numbers.
1 [one odd number] =1=1?

1 + 3 [sum of first two odd numbers] =4=27?

1+ 3 + 5 [sum of first three odd numbers] =9 =32
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1+3+7+9]...] = 16 =42

And so on...
There are no natural numbers m and n such that m?=2n?
Square of an odd number

The square of any odd number can be expressed as the sum of two consecutive positive
integers.

32=9=4+5

52=25=12 +13

72=49 =24 +25
92=81=40+41andso on....

Moreover, if n is the square of an odd number m then the two consecutive numbers whose

. n—1 1
sum is nareT and %

The first odd number is 3 and its square is 9 which can be writtenas 4 +5
Square of an odd number as a sum

Square of an odd number n can be expressed as sum of two consecutive positive integers

(2 —-1)
2

and

(nz2+1)
2

For example: 32=9=4+5=

(32-1
2

+

32+ 1)
2

Similarly, 5°=25=12+13=

(52 -1)
2
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+

(52+1)
2

Some useful square identities:
If a and b are two natural numbers, then,
i. (a+1)(a-1)=a*1
i. (a+b)?>=2a%+Db?+2ab
ii. (a-b)>=a%+b?-2ab
Note: Square of big numbers can be calculated using these three identities.
Calculating the square of a number with unit digit 5
Consider a number with unit digit 5, say, (a5).
(a5)? = (10a + 5)?
=10a(10a +5) + 5(10a + 5)
= 100a% + 50a + 50a + 25
=100a(a +1) + 25
=a(a+ 1) hundred + 25
Hence, (a5)% = a(a + 1) hundred + 25.
For example: 352 =3(3 + 1) 100 + 25 = 3(4)100 + 25 = 1225.
Pythagorean triplet
° ﬁ;ciileet(a, b,c)of three natural numbersa, band ciscalled aPythagorean tripletif a%+
e For any natural number m greater than 1, (2m, m?> -1, m? + 1) is a Pythagoreantriplet.
What is square root?

e Square root is the inverse operation ofsquare.
e Square of 2is 4, and so, the square root of 4 is2.
e Finding the number with the known square is known as finding the squareroot.

Number of digits in the square root
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n o . . . n+1 . e
If a perfect square is of n-digits, then its square root will havezdlglts if nis even or leglts

if nisodd.

Square root of anumber

The square root of a number ‘X’ is that number which when multiplied by itself gives ‘x” as
the product.

We denote the square root ofxbyv/x.
Finding square roots through differentmethods
Repeatedsubtraction

We stated above that the square of a number is the sum of first n odd natural numbers. So,
square root of a square number can be obtained by subtracting the successive odd natural
numbers starting from 1 till we get O.

Example:Tofind\/E
49-1=48,48-3=4545-5=40,40-7=33,33-9=24,24-11=13,13-13=0

We subtracted 7 successive odd natural numbers.
Thus, 7 is the square root of 49.
Prime factorization

Express the number as the product of prime numbers, group the common primes in a pair,
take one prime from each pair and then multiply to get the square root.

Calculation of square root of 9604 using prime factorization method:

9604 =2x2x7x7x7x%x7

29604 =2x 7% 7=98
Note: If one or more primes are not in pairs, the number is not a perfect square.

Divisionmethod
Steps to perform division:

e Place a bar over every pair of digits starting from the one’sdigit.

e Find the largest number whose square is less than or equal to the number under the
left-most bar (take this as dividend) and take this as a divisor. Divide and get
theremainder.

e Bring down the number under the next bar and place it to the right of the remainder
and this will act as the newdividend.
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e Double the quotient and write it with a blank on itsright.

e Find the largest digit to fill the blank which also becomes the new digit in quotient
such that the product of new quotient and new divisor gives a number less than or
equal to the dividend.

e Continue this process till we get the remainder as 0. The quotient becomes the
square root of the number.

Example: Square root of 841

29
2| sa1
_ 4
45 | 441
—441
0

~ /841 =29

Note: This method can also be used to find the square root of a non-perfect square or
decimal number.

For positive numbers a and b, we have:
i. Vab=+vax+vb
i. VI=+1
b b

Finding Square Root by Long Division Method
Steps involved in finding the square root of 484 by Long division method:

Step 1: Place a bar over every pair of numbers starting from the digit at units place. If the
number of digits in it is odd, then the left-most single-digit too will have a bar.

Step 2: Take the largest number as divisor whose square is less than or equal to the number
on the extreme left. Divide and write quotient.

oI:I; &N
Rl

Step 3: Bring down the number which is under the next bar to the right side of the
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remainder.

2
2 |4 84
-4
4-| 0 84

Step 5: Guess the largest possible digit to fill the blank which will also become the new digit
in the quotient, such that when the new divisor is multiplied to the new

guotient the product is less than or equal to the dividend.

N
ol & alln
i~

R

42

The remainder is 0, therefore, \/M=22.

Random Interesting Patterns Followed by Square Numbers

Patterns in numbers like 1, 11, 111, ... :
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1%= 1

11%= 121
1112= 12321
11112= 1234321

11111%= 123454321

111111112=123456787654321
Patterns in numbers like 6, 67, 667, ... :

77=49

67%=4489

667°=444889
6667°=44448889
66667°=4444488889
666667°=444444888889
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