- NOTES WITH MIND MAPS -

MATHEMATICS

(APPLICATION OF DERIVATIVES)
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APPLICATION OF DERIVATIVES

1. If aquantity y varies with another quantity x, satisfying some rule y = f(x), then

9% (or f'(x) represents the rate of change of y with respect to x and dl} (or f'(x0)
dy X x=xq

represents the rate of change of y with respect to x at x = xo.

2. If two variables x and y are varying with respect to another variable t, i.e., if x =f(t) and y =g(t)
then by Chain Rule

3. Afunction fis said to be increasing on an interval (a, b) if xi< x2in (a, b) = f(x1) < f(x2) for all x1,
X2 € (a, b). Alternatively, if f'(x) > 0 for each x in, then f(x) is an increasing function on (a, b).

4. A function fis said to be increasing on an interval (a, b) if xi< x2 in (a, b) = f(x1) > f(x2) for all x1,
X2 € (a, b). Alternatively, if f'(x) > 0 for each x in, then f(x) is an decreasing function on (a, b).

5. The equation of the tangent at (xo, yo) to the curve y = f (x) is given by

(x-x,)

0¥

d . . oy & .
6. If ﬁ does not exist at the point (xo, yo), then the tangent at this point is parallel to the y-axis
and its equation is x = xo.

7. If tangent to a curve y = f(x) at x = xo is parallel to x-axis, then d_y] =0

dx x=x
8. Equation of the normal to the curve y = f (x) at a point (xo, Yo), is given by

-1

¥ =¥, = (x—xg)

d : . . .
9. If ﬁ at the point (xo, Vo), is zero, then equation of the normal is x = xo.

d . . . . . .
10. If ﬁ at the point (xo, yo), does not exist, then the normal is parallel to x-axis and its equation is
Y = Yo.
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11. Let y = f (x), Ax be a small increment in x and Ay be the incrementiny correspondlng to the

increment in x, i.e., Ay = f (x + Ax) — f (x). Then d¥ given by dy = f'(x) dx or dy = (—) dxisa
good of Ay when dx x = A is relatively small and we denote it by dy = Ay.

12. A point c in the domain of a function f at which either f’(c) = 0 or f is not differentiable is called
a critical point of f.

13. First Derivative Test: Let f be a function defined on an open interval I. Let f be continuous at a
critical point ciin I. Then,

i. Iff’(x) changes sign from positive to negative as x increases through ¢, i.e., if f ‘(x) > 0 at

every point sufficiently close to and to the left of ¢, and f (x) < 0 at every point sufficiently
close to and to the right of ¢, then cis a point of local maxima.

. If f'(x) changes sign from negative to positive as x increases through ¢, i.e., if f'(x) <0 at

every point sufficiently close to and to the left of ¢, and f ‘(x) > 0 at every point sufficiently
close to and to the right of ¢, then c is a point of local minima.

If f '(x) does not change sign as x increases through c, then c is neither a point of local
maxima nor a point of local minima. In fact, such a point is called point of inflexion.

14. Second Derivative Test: Let f be a function defined on an interval l and c € I. Let f be twice
differentiable at c. Then,

X = cis a point of local maxima if f (c) =0and f "(c) <0

The values f (c) is local maximum value of f.

. X =cis a point of local minima if f'(c)=0and f“(c) >0

In this case, f (c) is local minimum value of f.

i. The test failsif f'(c)=0and f “(c) =

In this case, we go back to the first derivative test and find whether c is a point of
maxima, minima or a point of inflexion.

15. Working rule for finding absolute maxima and/ or absolute minima

Step 1: Find all critical points of f in the interval, i.e., find points x where either f ‘(x) =0 or f is
not differentiable.

Step 2: Take the end points of the interval.

Step 3: At all these points (listed in Step 1 and 2), calculate the values of f.

Step 4: Identify the maximum and minimum values of f out of the values calculated in Step3.

This maximum value will be the absolute maximum value of f and the minimum value will be
the absolute minimum value of f.
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If a quantity if ‘y” varies with another quantity x so thaty = f(x), theni
i Lety=f(x)Ax be a small increment in 'x' and Ay be the small P 4y [ f ’(x)] represents the rate of change of y w.r.t x and ii_‘/_’ ( fix ))
¢ increment in y corresponding to the increment in 'x', i.e. ( :idx dx x=x, Vil

i Ay=f (x+Ax)— f(x). Then, Ay is given by dy=F(x)dx or dy = %]AX’ represents the rate of change of y w.rt. xatx = x,

é is a good approximation of Ay when dx=Ax is relatively small and £ :
: denote by dy =Ay. For eg: Let us approximate,/36.6. To do this, we ta.ke' If 'x' and 'y varies with another variable 't i e, ifx=f() :
Ioy=y[xx =36, Ax= 06thenAy—Jx+dx VE B dx :
: = P and y = g (#), then by chain rule & —1 s if —=0. :

6.6 B dx dt dt 2

- \/36‘6—6 =366 =6+dy

§ Now, dy is approxxmately Ay and is given by dy
: dy ] 1
Ax=—+=(0.6 0.6)=0.05. S0,/36.6 =~ 6+0.05=6.05.
( 2f (06)= 275 05)

Approximations

A point C in the domain of 'f ' at which
either f'(c)=0 or is not differentiable is i
called a critical point of f. ;

For eg: if the radius of a circle, r = 5 cm, then the rate
of change of the area of a circle per second w.r.t 'r' is —

g‘;llns ;(nr )I s=2mrl _,=10m

Rate of Change
Quantities

Increasing and decreasing
functions

I Applications

/ of Derivatives
Maximum and Minima

First Derivative test

Second Derivative
test

Equation of the

Tangents and
normal to the curve

Normals

: Let f be a function defined

fon Tand CC-I, fis twice ANT— N — W——
differentiable at C. Then A function f is said to be (i) increasing on (a,b) if x, <x, in 5

{ i1t Ciaponiohiomlme: (ab)= f(x;) < f(x,)Vx x, € (a,b),and (i) decreasing on
H1£7 (©)=0and /' (C) <0, (C) s @B itz <xin(gb)= £(4)> £(x)¥xze (ad)

§local max. of f.

If *(x) 2 0V xe (a,b) then fis increasing in (4,b) and if f' (x)

<0V xe (a,b) then fis decreasing in (a,b) For eg: Let () =48
- 32 +4x,xe R, thenf’(x)= 3x°-6x +4=3(x—1)}1 > 0V xe R}
So, the function fis strictly increasing on R. :

i (if) x=Cis a point of local min
fif £ (C)=0and f' (C)>0. £ (C) is ;
:local min of f. (iii) The test failsE
{if £ (C)=0 and f' (C)=0

The equation of the tangent at (x,,1,), to the curve y = f (x) is given by

iLet f be continuous at a critical

époint Cmopent, Then () 4f (y—-y,) = dx]( o) (x—x,) 1f does not exists at (x,,y,), then the tangent at

i(x)> 0 at every point left of C (%, 1) is parallel to the y—axis and its equation is x = x,. If tangent to

iand f (x) <0 at every point right acurvey = f(x) at x = x, is parallel to x-axis, thenﬁl\:xﬁ 0.

sof C, then 'C'is a point of local
gmaxima. (ii) Iff (x) <0 at o R e e e e e
ipointleftof Cand f (x) >0at i iy=f(x)at(x,y)isy—y,=— d} (x-x,) if=d—y at (x,.4,) is zero,then equation:
i s s - &y dx

ievery point right of C, then 'C'is { i dx l(xo,y“,

ia point of local minima. P of the normal is x = x,. If d—y at (x,,,) does not exist, then the normal is parallel
§(iii) If f (x) does not change sign to x-axis and its equation is y= ] For eg: Let y=x-x be a curve, then the slope of
gas 'x' increases through C, then C : the tangent to y=x"x at x=2 is 2 | — 3x-1=322_1=11 :
iis called the point of inflection. g RO RO IR ER OIS, (AR o N G IR N :
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Case Study Questions:

1. An architecture design a auditorium for a school for its cultural activities. The floor of the
auditorium is rectangular in shape and has a fixed perimeter P.

| =
mwa =

-~
<

Based on the above information, answer the following questions.

I. If x and y represents the length and breadth of the rectangular
regicn, then relation between the variable is.
ax+y=P
b. x2 + yZ = p?

C.2(x+y)=P
dx+2y=P
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Il. The area (A) of the rectangular region, as a function of x, can be expressad as.

a A=px+ 3
_];:n:lc-l—x2

b A="—
_];:-:I{—ZJC2

cA="5—

d A= %—l—px‘?

lli. School's manager is interested in maximising the area of floor

‘A" for this to be happen, the value of x should be.

a P

b.

L IO L

Iv. The value of y, for which the area of floor is maximum, is.

a
b+
d &

V. Maximum area of floor is.
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